GROTHENDIECK DUALITY FOR 
DELIGNE-MUMFORD STACKS 



FABIO NIRONI 



Abstract. We prove the existence of the dualizing functor for a separated morphism of 
algebraic stacks with affine diagonal; then we explicitly develop duality for compact Deligne- 
Mumford stacks focusing in particular on the morphism from a stack to its coarse moduli 
space and on representable morphisms. We explicitly compute the dualizing complex for a 
smooth stack over an algebraically closed field and prove that Serre duality holds for smooth 
compact Deligne-Mumford stacks in its usual form. We prove also that a proper Cohen- 
Macaulay stack has a dualizing sheaf and it is an invcrtible sheaf when it is Gorcnstcin. As 
an application of this general machinery we compute the dualizing sheaf of a tame nodal 
curve. 
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Overview 

The first part of the work is foundational, it deals with the existence of the dualizing 
complex through the abstract machinery developed by Deligne in [Har66, Appendix] and 
refined by Neeman in [Ncc96]. Let tt: A" — > A be a projective stack (tame separated global 
quotient with projective moduli scheme), it is possible to apply Neeman's approach to duality 
along the morphism tt. We can provide a very fast proof of duality in D{X) = D{QCoh.{X)) 
using that ir^, is exact on quasicoherent sheaves and exhibiting a generating set of D{X) 
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using a vr-very ample vector bundle on X (a generating sheaf according to [OS03]). It is 
also possible to prove duality, in a not so fast way, following the original strategy of Deligne. 
We first reduce the problem, of finding an adjoint of the derived push-forward, from the 
triangulated category D*{X) to the category of complexes; then we apply a representability 
result in the category of complexes and go back to derived category. With this approach we 
can remove the unnecessary hypothesis that a vr-very ample vector bundle exists and we can 
also study more general morphisms. In general the result we obtain holds in D~^{X), but 
we can prove that when the stack X has a good moduli space (see [AlpOS, Def 4.1] for the 
definition) the derived push-forward is defined in D{X) and so is its adjoint. In this part 
of the work we consider algebraic stacks that are quasi-compact and with affine diagonal, 
however all the explicit results that follow the first section are proved only for noetherian 
separated Deligne-Mumford stacks. 

In the second section we study the compatibility of the dualizing functor with fiat base 
change, we first prove that duality for stacks is etale local, and then we reconstruct Verdier's 
result in [Vcr69] for Deligne-Mumford stacks. Using the compatibility with flat base change 
we are able to prove Serre Duality for Deligne-Mumford stacks smooth and proper over 
an algebraically closed field and duality for finite morphisms. We obtain all the expected 
results: the dualizing sheaf for a smooth proper stack is the canonical bundle shifted by the 
dimension of the stack, for a closed embedding i: X ^ y in a. smooth proper stack y the 
dualizing complex of X is £^t*y{Ox^ ^y) where uoy is the canonical bundle. This is a coherent 
sheaf if X is Cohen-Macaulay, an invertible sheaf if it is Gorenstein. 

In the last part of the work we use this abstract machinery to compute the dualizing sheaf 
of a tame nodal curve. We prove that the dualizing sheaf of a curve without smooth orbifold 
points is just the puUback of the dualizing sheaf of its moduli space. Smooth orbifold points 
give a non trivial contribution that can be computed using the root construction (Cadman 
[Cad07], Abramovich-Graber-Vistoli [AGV06]). We compute also the dualizing sheaf of a 
local complete intersection proving that it is the determinant of the cotangent complex 
shifted by the dimension of the stack, as it is in the scheme-theoretic setup. 

This paper has been partially motivated by our study on semistable sheaves on projective 
stacks in [Nir08]. In particular we have used Grothendieck duality to handle the definition 
of dual sheaf in the case of sheaves of non maximal dimension. Given a d-dimensional sheaf 
JF on a projective Cohen-Macaulay stack p\ X ^ Spec k over k an algebraically closed field, 
the dual JF^ is defined to be RT-{omx{J^,P'k) (as usual). If the sheaf is torsion free on a 
smooth stack this is just JF^ (g) ux where ux is the canonical bundle. Using Grothendieck 
duality we can prove that there is a natural morphism JF JF^^ which is injective if and 
only if the sheaf is pure. We use this basic result in the GIT study of the moduli scheme of 
semistable pure sheaves [NirOS, Lem 6.10]. 

Acknowledgements 

I am mainly indebted to Andrew Kresch who assisted me during this study, pointing out 
tons of mistakes and guiding me with his sharp criticism when I tended to be sloppy. I am 
thankful to the Ziirich Institut fiir Mathematik for hospitality during February 2008 and 
for providing me with an office provided with a couch. I wish to thank Daniel Hernandez 
Ruiperez who encouraged me to write a better proof of existence following Deligne's version, 
and who actually assisted and helped me during the realization of the work, and of course 

2 



I wish to thank the university of Salamanca for hospitahty. I also want to thank Ulrich 
Bunke for pointing out an interesting example where duality is possibly not working in 
unbounded derived category; this example shaded a new light on the problem showing that 
the sufficient hypothesis to prove duality in unbounded derived category was the existence 
of a good moduli space of the source stack or the morphism to be cohomologically affine. 
I am grateful to Joseph Lipman for the interest he showed into my work and for providing 
numerous helpful suggestions and critics. I also say thanks to Elena Andreini, Barbara 
Fantechi, Etienne Mann and Angelo Vistoli for many helpful discussions. 

1. Foundation of duality for stacks 

1.1. History. Serre duality for stacks can be easily proven with some ad hoc argument in 
specific examples, such as orbifold curves, gerbes, toric stacks and others; however a general 
enough proof requires some abstract machineries. Hartshorne's approach in Residues and 
Duality [Har66] is not suitable to be generalized to algebraic stacks (not in an easy way at 
least). In the appendix of the same book Deligne proves (in a very concise and elegant way) 
the following statement: 

Lemma 1.1. Let X be a quasi-compact scheme (non necessarily noetherian) and QCohx the 
category of quasi coherent sheaves on X . Let F: QCoh°x — »■ ©et be a left exact contravariant 
functor sending filtered colimits to filtered limits, then the functor F is representable. 

Using this statement it's easy to prove the following: 

Theorem 1.2. Let p: X Y be a morphism of separated noetherian schemes, F a sheaf 
on X and C'{F) a functorial resolution of F acyclic with respect to p^,. Moreover let G be 
a quasi coherent sheaf on Y and I' an infective resolution of G: 

(1) the functor Homy(p*C"^(F), P) is representable for every q,p and represented by a 
quasi coherent injective p'^P. 

(2) the injective quasicoherent double- complex p'^^P defines a functor p' : D'^{Y) D^{X) 
which is right adjoint of Rp^: 

RiiomY{Rp,F,G) ^ RRomxiF.pG) 

This same strategy has been applied with success by Hernandez Ruiperez in [RuiSl] to 
prove duality for algebraic spaces. 

In [Ncc96] Neeman proved Grothendieck duality for schemes using Brown representability 
theorem and Bousfield localization. Instead of using a representability result in the category 
of complexes he uses a representability result directly in the derived category. 

Theorem 1.3. Let T be a triangulated category which is compactly generated and H: T° ^ 
2lb be a homological functor. If the natural map: 

AeA AeA 

is an isomorphism for every small coproduct in T , then H is representable. 

If a scheme has an ample line bundle then it's easy to prove that D{X) is compactly 
generated. Every scheme admits locally an ample line bundle (take an affine cover then the 
structure sheaf is ample); to verify that local implies global Bousfield localization is used. 
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In the case of stacks we can prove that if X has a generating sheaf and X an ample 
invertible sheaf then D{X) is compactly generated, so that we can use Brown representability. 
It's true again that every tame stack X has Stale locally a generating sheaf [OS03, Prop 5.2], 
however the argument used by Neeman to prove that local implies global heavily relies on 
Zariski topology and cannot be generalized to stacks in an evident way. 

This kind of approach is very very fast but probably difficult to be improved, moreover the 
existence of the generating sheaf, even if not so restrictive, is a very unnatural hypothesis. 
In order to remove this hypothesis we go back to Deligne's approach and adapt it to the 
case of algebraic stacks. Eventually we prove existence of a dualizing functor for a separated 
quasi-compact morphism of quasi-compact algebraic stacks with affine diagonal. While the 
previous result holds in unbounded derived category, this one produces a dualizing functor 
defined on derived category bounded from below. 

Once existence and uniqueness are proved, we will be able to determine the actual shape 
of the dualizing functor in many examples modifying Verdier's approach [Vcr69] to the 
computation of duality. 

1.2. Existence using Neeman's technique. 

Assumption. In this section every stack and every scheme is quasi-compact. Unfortunately 
the word generating appears in this paper with three different meanings: we have generating 
sheaves that are locally free sheaves very ample with respect to the morphism from a stack 
to the moduli space, and we have two different notions of generating set. In this section a 
generating set is a generating set of a triangulated category in the sense of [Ncc96, Def 1.8]. 

We start with the fast approach to duality using Neeman's results. We will denote with 
D{X) = D{QCoh.{X)) the derived category of quasicoherent sheaves on X. 

Lemma 1.4. Let n: X ^ X he a tame separated stack with moduli space X. The functor 
TT* : D{X) D[X) respects small coproducts, that is the natural morphism: 

(1-1) ]J 7r*a;A ^ vr* ]J xa 

agA AeA 

is an isomorphism for every small A. 

Proof. We recall that the category of sheaves of modules on a site satisfies ABA; the reason 
is that the category of modules satisfies ABA which implies that presheaves satisfy ABA and 
we can conclude using [MilSO, Thm II.2.15.a-d]. Arbitrary coproducts are left exact, and as 
a matter of fact exact. We choose a smooth presentation Xq — s> X and we associate to it the 
simplicial nerve X,. Let /*: — s> X be the obvious composition. For every quasicoherent 
sheaf T on X represented by JF, on X, we have an exact sequence: 

(1.2) O^TT^J^^ - 

The result follows from left exactness of the coproduct, the analogous result for schemes 
[Nee96, Lem 1.4] and the existence of the natural arrow (1.1). □ 

Corollary 1.5. Let tt: X ^ X be as in the previous statement and f : X ^ Y be a quasi- 
compact separated morphism to a scheme Y . The functor Rf^ : D{X) D{Y) respects small 
coproducts. 
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Proof. This is an immediate consequence of the universal property of the moduh space X 
and the previous lemma. □ 



Let £^ be a generating sheaf of X and L an ample invertible sheaf of X. We call the couple 
{S,L) a polarization. 

Lemma 1.6. Let the stack tt: X X be tame and the sheaves £ and L are a polarization. 
The derived category D{X) is compactly generated and the set T = {£^®7r*L"'[m] | m, n G Z} 
is a generating set. 

Proof. Same proof as in [Ncc96, Ex 1.10], but using that every quasi coherent sheaf T on X 
can be written as a quotient of ® tt*LP' for large enough integers t, n. □ 

Remark 1.7. The most important class of algebraic stacks X satisfying conditions in the 
previous lemma is composed by projective stacks and more generally families of projective 
stacks; the second class we have in mind is given by stacks of the kind [Spec 5/(7] Spec A 
where G is a linearly reductive group scheme on Spec A, which is the structure of a tame 
stack etale locally on its moduli space. 

Proposition 1.8. Let n: X ^ X be a tame stack with a polarization S,L. Let f : X ^ Y 

be a separated quasi-compact morphism to a scheme. The functor Rf^ \ D{X) D{X) has 
a right adjoint /': D{y) D{X). 

Proof. This is a formal consequence of Brown representability [Ncc96, Thm 4.1], Lemma 1.6 
and Corollary 1.5. □ 

1.3. Existence for algebraic stacks with afRne diagonal. 

Assumption. We fix a base scheme S which is separated. Every stack is algebraic quasi- 
compact and with affine diagonal. The reason why we ask the diagonal to be affine is that we 
want a morphism from an affine scheme to a stack to be an affine morphism. In the case of 
Deligne-Mumford stacks separated implies finite diagonal and in particular affine, and affine 
diagonal is a weaker notion then separated as in the case of schemes. In the case of Artin 
stacks separated doesn't imply affine diagonal so that the two concepts are quite unrelated. 
The class of Artin stacks with affine diagonal includes stacks that are not global quotients 
([EHKVOl, Ex 3.12]). A good class of Artin stacks satisfying these assumptions is the class 
of separated tame stacks. 

We fix a universe U such that lisse-etale sites of stacks we are using are W-sites. The word 
small means a set in this universe. 

We will denote with D{X) the derived category of quasicoherent complexes on an algebraic 
stack X . Every argument we use requires only quasicoherent acyclic resolutions, in this 
way we can avoid the use of Dgc{X) (derived category of complexes with quasicoherent 
cohomology) which is definitely more slippery in the case of Artin stacks. 

In this section and from now on a generating set is a generating set of an abelian category 
as defined for instance in [Mac71, V.7 pg. 123]. 

Lemma 1.9. Let X be an algebraic S-stack quasi-compact with affine diagonal, every mor- 
phism from an affine scheme to X is affine. 

Proof. Let Spec A ^ S* be an affine S-scheme. Since S is separated this morphism is affine. 
Choose pq : Xq ^ X an affine atlas. Let / : Spec A —>■ X he a.n S-morphism and we want 
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to prove it is an affine morphism. It's an easy check that the two squares in the following 
diagram are 2-cartesian: 

Spec Axx Xo — ^ Spec Axs Xo — ^ Xq 

Spec A Spec AxgX X 

The composition o A in the diagram is /. The morphism 5 is affine because the diagonal 
is affine and gi is affine because Spec A — > is affine. We can conclude that / is affine using 
faithfully- fiat descent. □ 

Lemma 1.10. Let f : X ^ y be a separated quasi-compact morphism of algebraic stacks. 
The functor /* : QCoh{X) QCoh{y) commutes with filtered colimits. 

Proof. It follows from the analogous statement for schemes using [LMBOO, Lem 12.6.2]. □ 

Lemma 1.11. Let X be a quasi-compact algebraic stack and F a cartesian sheaf. Let 
Pq : Xq X be an affine atlas. The natural morphism F — * po^p^F is infective. 

Proof. In the case of Deligne-Mumford stacks we can choose po to be etale and the result 
follows immediately from the definition of sheaf, but if we work with the lisse-etale site 
there is actually something to prove. The map is injective if and only if it is injective on 
every object U ^ X oi the lisse-etale site. Denote with Uq the pullback of Xq to U with 
p: Uq ^ U the pullback of Pq and with Fu the restriction of F to U. We have to prove that 
Fu — > pj3*Fij is injective. Unfortunately the map p is not a covering in lisse-etale so the 
result doesn't follow from the definition of sheaf. We can fix the problem using the trick in 
[Vis05, Ex 2.51]. According to [EGAIV.4, Cor 17.16.3] we can find an etale cover V U 
factorizing through Uq. We can pullback the map p to an etale map q: Vq V. In this way 
we have produced an etale cover of U that refines the smooth cover Uq. The problem is now 
reduced to the etale situation using faithfully flatness of the cover V U. □ 

Lemma 1.12. Let X be a quasi-compact algebraic stack. The set of locally finitely presented 
sheaves (up to isomorphisms) on X is a small generating set for the category of quasicoherent 
sheaves. 

Proof. First of all we prove that locally finitely presented sheaves are a small set. The 
proof is a simple variation of a classical argument of Kleiman [KleSO, Thm 4] or dually 
Lipman [LJ09, 4.1.3.1]. Let A:" be a quasi-compact algebraic stack. The set of locally finitely 
presented sheaves (up to isomorphisms) on A* is a small generating set for the category of 
quasicoherent sheaves on X. First of all we observe that sheaves of a f/-topos are always 
well-powered (and co-well-powered) [GirTl, Cor 0.2.7.vii], it means that for every sheaf in 
the topos the set of every subobject (or quotient) up to isomorphisms is a small set. Let 
Pq '■ U^Ui ^ X be an affine atlas. According to Lemma 1.11 every quasicoherent sheaf F 
is isomorphic to a subobject of Pq^p*qF . Assume that F is locally finitely presented, than 
PqF is also locally finitely presented, for this reason we can state that PqF is a quotient of 
®i ^uT ^'^^ integers ra,. Sheaves of this kind are numerable and using that sheaves on X 
are well-powered we can conclude that locally finitely presented are a small set. To prove 
that locally finitely presented are a generating set for quasicoherent sheaves we have just to 
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observe that every quasicoherent sheaf is a filtered cohmit of its locally finitely presented 
subobjects (same proof as in [LMBOO, 15.4] with some modification). □ 



Proposition 1.13. Let X he an algebraic stack, the category of quasicoherent sheaves on X 
has enough injectives and K-injectives. 

Proof. The category of quasicoherent sheaves on the lisse-etale site is cocomplete [LMBOO, 
Lem 13.2.5], satisfies AB5 and has a small generating set according to Lemma 1.12 which 
implies it is a Grothendieck category and in particular it has enough injectives and K- 
injectives [LATOO, Thm 5.4]. □ 

For the definition of a i^-injective we refer the reader to the paper where they have been 
introduced [Spa88, Def pg 124]. At this point the only missing ingredient is a functorial 
quasicoherent resolution that is /,,-acyclic and commutes with filtered colimits. We achieve 
the first requirement using a variation of the Cech resolution. Let X be an algebraic stack. 
We choose a smooth affine atlas po'- Xq —>■ X, which is possible since X is quasi-compact. 
Given a quasicoherent sheaf JF we associate to it Po^^Po^- Having assumed that X has affine 
diagonal the morphism po is affine and the functor po*Po exact. We define A to be the set 
of quasi coherent sheaves po*Po-^ where JF is quasicoherent. It follows from Lemma 1.11 that 
every has a natural injection —>■ po^p^T so we can produce a resolution of JF in this 
way: define Kq to be JF and the sheaf Ki the cokernel i^i-i po*Po-^i-i — i^i — 0. 
The resulting resolution is: 

(1-3) ^ J" ^ Po*PoJ^ Pq*pIKi Po*PoK2 ■ ■ ■ 

We will denote this resolution of JF with C'{F) 

Lemma 1.14. The objects in A G QCoh{X) are f ^-acyclic, the set A is closed under finite 
direct sums and every object in QCoh{X) can be injected in an object of A. Resolutions with 
objects in A can be used to compute Rf^ : D~^{X) D^{y). 

Proof. Since po* has an exact left adjoint it maps injectives to injectives. Given Pq^PqF 
we can compute its higher derived images using the theorem on the composition of derived 
functors: 

R'Upo.pIF) = R\fo po).p*F = for z > 
where we have used that po* is exact and that (/ opo)* is exact. □ 

Remark 1.15. (1) It follows from Lemma 1.10 that the functor po*Po commutes with 
filtered colimits. 

(2) Resolutions with objects in A are /^-acyclic and functorial but in general not finite; 
for this reason we have to work in bounded below derived category. The situation 
cannot be improved at this level of generality since we do not expect an Artin stack 
to have finite cohomological dimension so that the derived push-forward is defined in 
bounded below derived category. We will improve the result when the morphism / is 
cohomologically affine ([Alp08, Def 3.1] it is quasi-compact and the push-forward is 
exact on quasicoherent sheaves) or when the stack X has a good moduli space ([AlpOS, 
Def 4.1] the morphism ir: X —>■ X is cohomologically affine and n^O^ — Ox)- 

Theorem 1.16. Let f : X y be a separated quasi-compact morphism of algebraic stacks. 
The functor Rf^ : D+{X) ^ D+{y) has a right adjoint /' : D+{y) ^ D+{x). 
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Proof. The proof is a standard argument of Deligne [Har66, Appendix pg 416]. For the con- 
venience of the reader we give an outhne of the argument. Let F be an object in D~^{X) and 
G in D~^{y). We consider the functor RB.omy{Rf^F,G) and we want to produce a right 
adjoint f'G. We replace G with /* a complex of injectives and F with a quasi- isomorphic 
complex produced using the functorial resolution C*{-). We will denote also this complex 
with C'{F). We have reduced the problem to the category of complexes. We want to prove 
that the functor Homy(/^,C^(-), I'^) from complexes of quasicoherent sheaves to the category 
of abelian groups is representable for every p,q & Z. The functor /* commutes with filtered 
colimits according to Lemma 1.10, the resolution C* commutes with filtered colimits for 
the same reason, sheaves of an [/-topos have small Hom-sets (an f/-topos is an [/-category 
so it has small Hom-sets^ [GirTl, 0.2.6.iv]) and according to Lemma 1.12 the category of 
quasicoherent sheaves has a small generating set so we can apply the special adjoint functor 
([Mac71, Thm V.8.2] with reverted arrows) and conclude that Homy(/*C^(-), J*^) is repre- 
sented by a quasicoherent sheaf f~^P. Since the functor is also exact we can conclude that 
f~pp is injective and actually a double complex of injectives in the first quadrant. The total 
complex of f~PIi is quasi-isomorphic to f'G. □ 

Theorem 1.17. Let f : X ^ y a separated quasi- compact morphism of algebraic stacks and 
assume that f is cohomologically affine or X has a good moduli space which is a quasi-compact 
separated scheme. The functor Rf^, : D{X) D{y) has a right adjoint : D{y) D{X). 

Lemma 1.18. Under the assumptions of the previous theorem the functor Rf^, has finite 
cohomological dimension. 

Proof. If / is cohomologically affine is exact and there is nothing to prove. Assume X has 
a good moduli space which is a scheme it: X ^ X. We want to prove that there is n G Z 
such that for every quasicoherent sheaf F on X the sheaf R^f^:F = for every i > n. Since 
R^ftfF is quasicoherent it is enough to prove that i?*/*-^|yo ~ ^ smooth cover Yq ^ y 
made of a finite number of affine schemes (again we are using that y is quasi-compact). 
Denote with U an affine scheme of the cover and Xu the base change of X to U . Since the 
morphism Xu — > A" is affine the morphism Xu — * X is cohomologically affine ([Alp08, Prop 
3.9.i-ii]). According to [Alp08, Rem 4.3] Xjj has a good moduli space Xjj which has a unique 
morphism to X making the diagram commute: 



X, 



u 



X 



ITU 
^ f 



Y 

X 



I am quoting Giraud and not SGA4 just because his book contains in the first pages a very short summary 
about ?7-topoi and it is very easy to consuh 
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and moreover the morphism / is affine. From the universal property of a good moduh space 
we have also an arrow g : Xu U making the following diagram commute: 




Xu 



U 



The sheaf R" f^F\u is just the 0;7-module H\Xu, F\xfj) which is just H\Xu,T^u*{.F\xfj)). 
The morphism Xu X affine and X is separated and quasi-compact, so we can conclude 
that Xu is separated and quasi compact. Since Xu is separated g is separated, moreover 
Xu is quasi-compact and U S \s separated so we deduce that g is quasi-compact. The 
morphism g is separated and quasi-compact (and of course U itself is quasi-compact) so we 
can conclude that there is n depending on U and not on T such that cohomology groups 
vanish for i > n. Since affine schemes U are in finite number we can choose a finite n 
satisfying the requirements of the lemma. □ 

proof of theorem 1.17. It is an easy variation of Theorem 1.16. Instead of taking an injective 
complex /• bounded from below we take a i^-injective complex not necessarily bounded and 
we observe that if I is i^-injective then f~^I is i^-injective. Instead of using the infinite 
functorial resolution C*{F) we truncate it at stage d where d is given by the cohomological 
dimension, which is finite according to the previous lemma. It is a standard fact that the last 
term in the finite resolution is again acyclic ([L,J09, Prop 2.7.5.iii] with inverted arrows), it 
is obviously functorial, and it is an easy check that it is exact and preserves filtered colimits, 
then we can conclude the proof as before. □ 

Remark 1.19. (1) We don't know if the existence of a good moduli space is actually 
a necessary condition to work in unbounded derived category, at least it is quite 
relevant: if we remove this hypothesis it is possible to produce examples where the 
derived push forward in unbounded derived category doesn't commute with arbitrary 
coproducts. A very simple example has been shown us by Ulrich Bunke: it is enough 
to take X a non tame trivial gerbe over a point and y its moduli scheme (which is 
not good) and test the statement on an unbounded complex like Unez-^N where F 
is a coherent sheaf on the gerbe which carries a trivial representation. 
(2) Since the dualizing functor is constructed as an adjoint (in D or D~^) it is unique in a 
suitable sense. Moreover the dualizing functor is compatible with the composition of 
morphisms. Assume we have a composition g o f : X ^ y ^ Z such that both Rg^ 
and -R/^K have a right adjoint. The two functors Rg^Rf^ and R{go f)^ are canonically 
isomorphic and duality gives us a canonical isomorphism: 

(1-4) fg'-^igofY 

In order to compute duality in real situations it is usefuU to know the behaviour of the 
dualizing functor with respect to the tensor product. The following result gives use the 
opportunity to reduce the computation of f'F to the computation of f'Oy. 
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Proposition 1.20. Let f : X ^ y he a separated finite- Tor dimensional morphism of noe- 
therian algebraic stacks, assume that y has the resolution property (see [Tot04j for a compre- 
hensive study of the problem), and both X and y have affine diagonal. Let F be an object in 
D^{Coh{y)) (or D~ iCohy) when f is cohomologically affine or X has a good moduli space). 
There is a natural isomorphism: 

Lf*F®fOy^ fF 

Proof. As far as we can work with complexes of locally free sheaves the proof is the same 
argument used in [Ncc96, Thm 5.4] for compact objects (perfect complexes in the case of 
schemes) . □ 

Remark 1.21. Unfortunately we cannot conclude the proof as in [Ncc96, Thm 5.4] stating 
that the result for compact objects implies the result for every F G D{y). 

Definition 1.22. Let f : X ^ S he an S'-stack, / the structure morphism. Suppose f' 
exists, we will call f'Os the dualizing complex of X. 

To conclude we want to spend a few words about the Godement resolution for stacks and 
the possibility to use it to compute duality. In the case of schemes it is possible to use the 
Godement resolution to compute duahty in DgdX) ([L.J09] Chapter 4.1). The Godement 
resolution is functorial exact acyclic but it doesn't commute with filtered colimits since it is 
defined through an infinite product. However it is possible to "modify it" in order to acquire 
this property too, and this has been done by Lipman in [L.J09] following a vague suggestion 
of Deligne in [Har66, Appendix pg 417]. In the case of stacks it is still possible to define 
the Godement resolution both on the etale site and the lisse-etale site. Unfortunately the 
Godement resolution on the lisse etale site is not made of cartesian sheaves! As far as we 
work with Deligne-Mumford stacks it is possible to reproduce Lipman's proof [L.I09, Thm 
4.1] under the same hypothesis. In the case of Artin stacks actually we don't know. Being 
non cartesian is not a big problem per se, since in Dqc{X) complexes are allowed to be non 
cartesian; however the standard theorem on the push-forward [LMBOO, Lem 12.6.2] fails and 
we are not even able to prove that the Godement resolution is /^,-acyclic. 

1.4. Proper representable morphisms of algebraic stacks. In order to explicitly com- 
pute Serre duality for a smooth proper stack we need a more explicit approach to duality 
when the morphism is representable. A result analogous to the proposition we are going 
to prove is contained in [LJ09, Thm 25.2]. A similar problem for proper representable 
morphisms of locally compact topological stacks has been addressed and solved in [BSS08, 
Section 6]. Let f : y ^ X he a. representable proper morphism and choose a smooth pre- 

s u 

sentation Xi t ^ Xq ^ X and produce the puUback presentation Yi y ^ Yq > y . 

Let /• be a bounded below complex of injectives on X and ctp : s* Jq — > t*!^ the isomorphism 
defining the equivariant structure of the sheaf Iq. Using fiat base change theorem for schemes 
[Ver69, Thm 2] we can produce the following chain of isomorphisms: 

Call this isomorphism Pp. It satisfies the cocycle condition because ap does and the isomor- 
phisms Ct, Cs defined in [Vcr69, pg 401] satisfy it according to the same reference (see next 
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section for a recall of the construction of c^). The data /q/q define a complex of injectives 
on y. Running through the values of p we obtain a double complex of injectives and we 
denote with /^J* the total complex associated to it. 

Proposition 1.23. Let f : y X he a morphism as above. Let T* G D'^i^X^ and I' an 
injective complex quasi-isomorphic to it. The derived functor f'T* is computed by f^I* . 

Proof. Let J be an injective sheaf on y and / an injective sheaf on X . Keeping notations 
introduced above we can write the following exact sequence: 

Homxif^J, I) > Po* U,mx^ iPof*J. P*oI) ^ Po,'% Tivmx, J, S*p*J) 

Using duality for proper morphisms of schemes and fiat base change for the twisted inverse 
image we have the following commutative square: 

PO* T-{vmx,XPof*J,P*oI) ^P0,S, n,mxMPlf*J^ S*p*I) 

I I 

Y 

Po^Ti^rnxoifo^qoJ^Po^) Po^s^7i,mxAfuu*q*oJ, s*p*I) 

I I 

Y 

Jo* 'HomxoiqoJ, foP*oI) Po.sJu n,mxM*qy^ flS*PlI) 

i I 

Y 

f*qo, n,mx, (qoJ, foPoI) ^ f*qo,u, U^mx, {u*q*J, u* f^pll) 

In the picture we have applied duality for /o, /i but there are no higher derived push- 
forwards for the two morphisms because both Tiornxoiq^J, foPo^) '^rnx^{u*qlJ, f[s*pQl) 
are injective. The morphism /*go* ^«Xo(9o-^, foPo^) ^ f*qo*u* 'H^mx^{u*qlJ, u* f^pll) in the 
picture is clearly induced by [3 defined above so that its kernel is f^ Tiomy^J, f^I). This gives 
us a duality isomorphism: 

T^mxif*J, I) /* T{vmy{J, f^I) 

The result follows. □ 

Remark 1.24. Actually we have proven something stronger than bare duality, we have a 
sheaf version of the result. We will obtain an analogous sheaf version of the duality for the 
morphism from a stack to a scheme in the next section. 



2. Duality for compact Deligne-Mumford stacks 

Assumption. From now on schemes and stacks are noetherian separated and of finite type 
over some algebraically closed field k. 

This whole section is devoted to a much more explicit study of duality when stacks involved 
are Deligne-Mumford. We will retrieve all the classical results like Serre duality and duality 
for finite morphisms. 
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2.1. Duality and flat base change. In order to exphcitly compute /' (twisted inverse 
image) in some interesting case we wiU use existence and a result of flat base-change in the 
same spirit as [Vcr69, Thm 2]. 

We start proving base change for open immersions. We anticipate a technical lemma which 
is a variation of [Vcr69, Lem 2] 

Lemma 2.1. Let X he an algebraic stack andi: U ^ X an open substack. LetX be an ideal 
sheaf defining the complementary ofU. For any T G D(X) the canonical morphisms: 

(2.1) lim Ext^(J", T) HP{U, i* T) 

n— ►oo 

(2.2) lim £;t4(X", T) WiXJ" 



are isomorphisms for every p. Moreover ifQ is a bounded above complex over X with coherent 
cohomology we can generalize the first isomorphism to the following: 

(2.3) lim ExtP (^ I X", J^) ^ Ext^(2*^, i*J^) 

n— ►oo 

Proof. The statement is the derived version of [Har66, App Prop 4] (we derive Hom and Tiom 
using ii'-injectives). This last proposition holds also for stacks. To see this we can use the 
usual trick of writing Hom;^' as the kernel of an opportune morphism between Hom^o and 
Homxi for some given presentation X'. □ 

Consider the following 2-cartesian square: 

(2.4) U^^X 

9 f 

where X,yZ,l/( are Deligne-Mumford stacks, morphisms f,g are proper, i,j are repre- 
sentable fiat morphisms. We can define a canonical morphism cj: i*f' g'j*. We can 
actually define it in two equivalent ways according to [Ver69, pg 401]. We recall here the two 
constructions of this morphism for completeness, and to include a small modification that 
occurs in the case of stacks. 

(1) Since j is fiat we have that j* is the left adjoint of so that we have a unit and a 
counit: 

: id RjJ* ijj : j*Rj^ id 

We can apply a theorem of fiat base-change for the push-forward and obtain an 
isomorphism: a: j*Rft: Rg*i* (Proposition 13.1.9 in [LMBOO] states this result 
without assuming representability of the fiat morphism, but I think they are actually 
using it in the proof). The right adjoint of this gives us a: Ri^g' — > f'Rj*- The 
canonical morphism we want is now the composition: 

I f ^ I f Rj^j > I Ri^g J > g i 

(2) Since i?/* has a right adjoint f' we have a unit and a counit: 

cotr/: id f'Rf* tij: Rf*f' — > id 
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We can now consider the following composition: 

i J ^ 9 R9*i J ' 9 J Rj*J ' 9 J 

According to [Vcr69, pg 401] both these two compositions define cj; moreover cj satisfies a 
cocycle condition when composing two base changes. 

Proposition 2.2. In the above setup, assume also that j is an open immersion, the canonical 
morphism cj: i* f — > g'j* is an isomorphism. 

Proof. Same proof as in [Vcr69, Thm 2, case 1] but using Lemma 2.1. □ 

Corollary 2.3. Duality for proper morphisms of Deligne-Mumford stacks is etale local in 
the sense that given a morphism of stacks f : X ^ y and a representable Stale morphism 
j-.U^y like in picture (2.4) we have a canonical isomorphism i*f- = g'j* in D'^{y). 

Proof. We apply Zariski main theorem for stacks to j and reduce the problem to the already 
known open case. □ 

Remark 2.4. Unfortunately Zariski main theorem requires representability, even if we have 
no reasons to suspect that the previous result doesn't hold in the non representable case we 
don't know a proof. 

Definition 2.5. We recall that a morphism of schemes (or stacks) f : X Y is compacti- 
fiable if it can be written as an open immersion i followed by a proper morphism p. 




It is a remarkable result of Nagata ([Nag62] and [Nag6-3]) that every separated finite type 
morphism of noetherian schemes is compactifiable in this sense. Because of our assumption 
at the beginning of the section we can rely on this result of compactification for morphisms 
of schemes that will appear in the rest of this work. Deligne defined in [Har66, Appendix] 
a notion of "duality" for compactifiable morphisms (duality with compact support) of sep- 
arated noetherian schemes. First of all we observe that given an open immersion i or more 
generally an object in a site, the functor i* has a "left adjoint" i\ : Cohx —>■ pro-Coh^^ which 
is an exact functor (see for instance [MilSO, II Rem 3.18] for a general enough construction). 
The category pro-Coh is the category of pro-objects in the category of coherent sheaves. 
Given / compactifiable we can define the derived functor Rf\ = R{pJ\) = {Rp^)i\. It is 
clear that this last functor has a "right adjoint" in derived category that is i*p' and we will 
denote it as f'. Deligne proved that this definition of /' is independent from the chosen com- 
pactification and well behaved with respect to composition of morphisms. In the previous 
paragraph we had to put the words duality and adjoint within inverted commas since there 
is actually a domain issue. Let f : X Y he a. separated finite type morphism, the functor 

maps objects in D^{Y) to D^[X), the functor f\ is defined from pro-D^(X) to pro-D^(y) 
and the duality result in [Har66, Appendix Thm 2] is just a duahty result within inverted 
commas (notation D^. means derived category of complexes with coherent cohomology). We 
explicitly stress on this subtlety since it has a relevant consequence that is going to affect the 
rest of this work. When the morphism / is proper we have a duality theory that provides us 
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with a trace morphism Rf*f' id; given a composition of two proper morphisms /, g and 
the natural isomorphism between Rf^Rg^ and R{g o /)*, we can deduce, using the trace, a 
natural isomorphism rjf^g between fg^' and {g o /)'; however if the two morphisms are not 
proper we have no trace morphism on D^{X) and we cannot deduce a natural isomorphism 
Tjf g for a composition. As a side effect it is not clear anymore what kind of uniqueness we 
could have for the "dualizing" functor /■ when / is not proper. In the proper case the adjoint 
f with trace tr/ is unique in the sense that if we have another one f with trace tr^ there 
is only one isomorphism between them making the two traces compatible. Equivalently we 
can use the transformation tr. to produce isomorphisms rj.^. between compositions, and tr^ 
to produce isomorphisms 77'., then we can restate the uniqueness result saying that there is 
only one isomorphism making 77. . and 7y. . compatible. In the non necessarily proper setup 
Lipman proved a uniqueness result [LJ09, Thm 4.8.1] that we restate here for completeness: 



Theorem 2.6 (Lipman). Let f : X - 

schemes. There is a unique functor f 
satisfying the three following conditions: 

(1) when f is proper it restricts to the adjoint of Rf^ 

(2) when f is etale (open) it is the pull hack 

(3) for every fiber square: 



Y he a morphism between finite type separated 
D^(Y) D'^i^X), up to a unique isomorphism, 




where f,g are proper and i,j are Stale (open) the isomorphism: 



if 



o %} 



{3 o 9) 



! ''^3^3 ! 
' 9 J 



is the isomorphism cj (the one in Proposition 2.2) 

The great relevance of this result for the present work will become evident in the next 
section. In order to use this theorem we have now to prescribe isomorphisms 77.,. in a way 
that they restrict to the usual thing when the two morphisms are proper, they restrict to the 
natural isomorphism between puUbacks when the two morphisms are etale (open), and they 
are compatible with the third requirement of the previous theorem. First of all we recall 

how to compose compactifiable morphisms. Given X ^ Y ^ Z finite type morphisms of 
noetherian schemes we can compose them according to the following diagram: 

(2.5) 




where z, j, k are open immersions, /,^, h are proper and we can always assume the top right 
square (delimited by (/, h,i, k)) to be cartesian; to this purpose we can first apply Nagata's 
compactification to the composition i o f and choose X to be the fibered product Y XyW 
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and j is given by the universal property of the fibered product. The same choice is possible 
even if we compactify with i,j, k etale instead of open; in this case being k etale and k o j 
etale the morphism j is also etale ([Mil80, I Cor 3.6]). We have now a natural way to define 
an isomorphism r/j^ that is given by the following composition: 

(2.6) {gofy = {kajYigohy ^ {kojyhi = fg'- 

This provides a base-change setup as defined in [L,J09, Def 4.8.2] where distinguished squares 
are all cartesian and the isomorphism associated to a square, is the c. defined in Theorem 
2.11. The isomorphism rjf^g clearly satisfies the first two requirements of Theorem 2.6, to 
check that even the third requirement is satisfied we only have to apply equation (2.6) to 
the following diagram: 



i 




where we have kept notations as in Theorem 2.6. 

Remark 2.7. We would like to stress on the fact that the previous theorem implies also 
that the functor {■)' is independent from the choice of compactification up to a unique 
isomorphism. Another proof of the independence from the compactification can be found 
in [Har66, Appendix pag 414], and in the etale case in [MilSO, VI Thm 3.2.b]. However 
Theorem 2.6 is a stronger result than bare "independence from compactification" as we will 
have the opportunity to appreciate in the following section. 

It is natural to ask how stacks and morphisms of stacks do fit inside this picture of duality 
for compactifiable morphisms. We can imagine the following situation: let A" be a Deligne- 
Mumford stack and /q : Xq — ^ A" an etale atlas. The morphism Xq X is quasi finite and a 
fortiori compactifiable. We can choose a special compactification using Zariski main theorem 

k h 

and split the morphism as Xq X ^ X where h is finite and k is an open immersion. We 
can also apply Zariski main theorem for stacks [LMBOO, Thm 16.5] to the morphism /q and 

obtain a different compactification Xq X X ^ X where / is open, p is finite and X is 
a Deligne-Mumford stack. Now we want to prove that these two different compactifications 
are equivalent from the point of view of duality. 

Proposition 2.8. Consider the commutative square: 



Xq 




X X 




X 



Let F G D^{X), there is a canonical isomorphism k*{Ti o p^F = l*h'F 
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Proof. Same proof as in [Vcr69, Cor 1] but using base change result in 2.2. □ 
We can now generalize to stacks the independence from the compactification: 

Corollary 2.9. In the setup of the previous proposition, for every F G D~^{X) there is a 
canonical isomorphism /qTt'F = l*h'F 

Proof. We use the previous proposition, the representability of /o and the analogous result 
for schemes. □ 

We can prove Grothendieck duality in its sheaf version (on the etale site): 

Corollary 2.10. Let f : X ^ y be a proper morphism of Deligne-Mumford stacks and 
T G D^(^X\ G G D^{y). The natural morphism: 

Rf,Rn,mx{J^, f-G) R7i,mY{Rf,J^, RfJ-G) RHoniYiRf.T, G) 

is an isomorphism. 

Proof. First of all we observe that according to [LMBOO, 15.6.iv] the functor Rf^ maps 
D'^{X) to D^iy) so that everything is well defined. Take J' K-injective complexes quasi 
isomorphic to JF, G. Let j : U ^ y he an object in the etale site of y and X* an etale 
presentation of X . We can construct the following picture: 
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Ui Uo U U 

k 



t 



Xi Xo X — 3^ 

As usual we have the exact sequence: 

^ f,7iomx{i',fj') f,KTiomx,{h*r,h*fj') f,Ks,n>mxAs*h*i',s*h*f-r) 

where f j* is a complex of injectives and Tiomxil' , f'J') is fiasque. We first use fiat base 
change to obtain i* f^KU>mxo{h*I\h* f- .P) ^ gXk*T-{omxoih*r,h*fJ') ^ 
= gXT-{omua{k*h*r,k*h*fJ'). Using etale locality for /' we obtain k*h*f- = l*g-i*. Even- 
tually we have: 

t*f,h,7i,mx,{h*I',h*fj-)^gX7i,muM*fI'J*9-^*J') 
With the same argument we have also: 

i*f,Ks, Tivmx, {s*h*I', s*h*fr) ^ gXu, Tiom u, {u*l*fl', u*rg-i*r) 

and eventually: 

n,mx{i\ fJ') = g. n^muifi', g-i*J') 

Now we just take global sections of this and use the non sheaf version of Grothendieck duality 
to complete the proof. □ 

We have now all the ingredients to prove the fiat base change result: 
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Theorem 2.11. Consider the following 2-cartesian square of Deligne-Mumford stacks: 



X'- 



where morphisms f, g are proper and j is flat and representable. The canonical morphism 
Cj : i*f' g'j* is an isomorphism in D'^^y). 



Proof. Same proof as in [Vci'69, Thm 2, case 2] but using the stacky Corollary 2.10. 



□ 



2.2. Duality for smooth morphisms. In this section X Speck is a proper Deligne- 
Mumford stack over an algebraically closed field if not differently specified. 
We start with two local results that don't rely on smoothness. 

Lemma 2.12. Let f : y ^ Z he a representable finite Stale morphism of noetherian algebraic 
stacks, then the functor f' is the same as /*. 

Proof. If y and Z are two schemes the result is true, then the result for stacks follows from 
Proposition 1.23. □ 

Let 71 : X ^ X he a. Deligne-Mumford stack with moduli space X; using the previous 
lemma we can study the etale local structure of n\ The morphism vr etale locally is the same 
as p: [SpecB/G] —>■ Spec^ where G is a finite group and Spec A is the moduli scheme. Let 
Spec B ^ [Spec B/G] be the obvious etale (and finite) atlas and s, t source and target in the 
presentation (both etale and finite). Let /' be an injective complex of ^-module. Consider 
the following composition of isomorphisms: 

s*{p opy-p^ipoposyp'^ t*{p o py-P 

where we have replaced s', t' with s*, t* using the lemma, and every isomorphism is given by 
equation (1.4). Call this isomorphism of injective complexes 7^. The data of 7, and (pop)'j* 
define a double complex of injective sheaves on [SpecS/G]. We will denote the double 
complex associated to it with p^J*. Let F G /^''"(Spec A) be quasi isomorphic to a complex of 
injectives /*; the injective complex I' on [Speci?/G] defines a functor : {Spec A) 
D+{\SpecB/G]) 

Lemma 2.13. The functor p^ above is actually p'. 

Proof. We start observing that the twisted inverse image (p o j))'/ is just the 5-module 
Homyi(i?,/), the twisted inverse image {p o p o s)'/ is Homyi(i? ®a Oq,!)- The natural 
isomorphism for the composition of twisted inverse images s*{p o pyi = (p o p o s)'J is just 

the canonical isomorphism B.omA{B, I) ®aOg Homyi(i?®AC^G; I)- Let M be a 5-module 
with a a coaction of Oq- From the exact sequence in (1.2) and using duality we obtain the 
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following exact diagram: 



Hom(«— tjid) 



RomB^^OaiM ®A Og, Hom^(5 ®a C»g, /)) 

Hom{id,5-i) 

HomB^^Oe(M ®A Og, Hom^(5, J) ® Cg) 



HomB(M, Hom^(5, /)) ®^ 



HomA(M, J) 



Horns (M, HomA(5,/)) 



The cokernel of the first horizontal arrow is Homyi(M*^, /) while the cokernel of the last 
horizontal arrow is just Hom^(M, Homyi(5, J)) where the coaction of Og on M is a and the 
coaction on Hom^(i?, J) is the one of I. The diagram induces an isomorphism^: 

HomA(M^, I) Homf (M, HomA(5, J)) 

By uniqueness of the adjoint we conclude that is p'. □ 

Remark 2.14. Let F be a quasicoherent sheaf on Spec A; if we know for some reason that 
p F is a quasi coherent sheaf itself, then we can conclude that it glues as p' of an injective 
sheaf in the previous lemma. 

We can now start implementing the smoothness hypothesis on X. We recall a result of 
Verdier in [Vcr69, Thm 3]: 

Theorem 2.15. Let f : X Y be a proper morphism of Noetherian schemes and j : U ^ X 
an open immersion such that foj is smooth of relative dimension n. There exists a canonical 
isomorphism: 



(2.7) ff 

where Wu/y is the canonical sheaf. 



^ uJu/Y[n] ® if ojY 



For the precise definition of A, we redirect the reader to [Vcr69, Thm 3]. In order to 

use Lemma 2.13 we need to explicitly know the isomorphism o g- — ^ (g o /)• when 
/, g are smooth morphisms of schemes and duality is duality with compact support in the 
sense of theorem 2.6. Unfortunately the Deligne/ Verdier approach to duality doesn't suggest 
anything about the isomorphism rjf^g, but people familiar with duality probably remember 
that in Grothendieck/Hartshorne's picture the isomorphism rjf^g is perfectly known when 
the two morphisms are smooth. If /, g were proper we could use Grothendieck/Hartshorne's 
result, being confident that the adjoint is unique in the sense explained at the beginning of 
the previous section; when /, g are not proper we can still use the uniqueness in Theorem 
2.6. First of all we recall the classic result in Residues and Duality [Har66, HI Prop 2.2] 
about smooth morphisms. 



^Despite of the unhappy notation Hom^ is not a _B-modulc but a B*^ 
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A-module. 



Lemma 2.16 (Hartshorne). Let X -^Y Z he smooth morphisms of noetherian schemes of 
relative dimensions n,m respectively. Denote with f^ the functor ux /Yin]® f* (the traditional 
symbol for smooth duality). There is a an isomorphism of functors: '■ f^g'^ ^ id ° fY- 
The isomorphism (f^g can be chosen to be the isomorphism in [Har66, III Def 1.5]. 

The statement is the same as in Residues and Duahty but we have apphed the sign fixing 
proposed by Conrad in [ConOO]. At this level the isomorphism Q^g appears to be completely 
arbitrary, nonetheless it becomes intrinsic with theorem [Har66, VII 3.4 VAR3]. We will 
denote with (■)'' the dualizing functor (■)' of "Residues and Duality" [Har66, VII 3.4] and 
with f^g^ ~^ {g ° fV the isomorphism that controls compositions of functors. Within 
our assumptions we can always define the functor (■)': since every scheme involved is of 
finite type over a field, according to [Har66, V 10] there is always a dualizing complex. Let 
6/- /" Z"" tie the isomorphism defined in [ConOO, 3.3.21], we can state [Har66, VII 3.4 
VAR3] as follows: 



Theorem 2.17 (Hartshorne). Let X ^ Y ^ Z 

schemes, then we have the following compatibility: 



be smooth morphisms of noetherian 



SfCg 



(gofY 



f g- — ^ {g°f)- 



Beside the isomorphism e. is unique in the sense of theorem [Har66, VII 3.4]. 

To finally answer our question about the isomorphism rjf^g we only have to verify that the 
functor (■)'' satisfies the hypothesis in theorem 2.6. The first two hypothesis are completely 
straightforward but the third one does actually require some work. What we need to prove 
is the following statement: 

Proposition 2.18. Consider the following diagram of schemes: 



where f,g are proper and i,j are open. The following diagram is commutative: 



rf 



gj 



7 ^7 / r ■\7 >^S,3 7 .7 

(/oz)- ^ g j- 
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The statement is very simple when /, g are finite. In this case we can transform the 
diagram in the following: 

.7 



A 
Y 

•7 rl 
l-f- 



if 



9 3 



7 

9' J' 



where the isomorphism p is the isomorphism in [Har66, III Prop 6.3 Cor 6.4], the symbol 
(■)^ is finite duality and d. : (•)'' — >■ (•)'' is the isomorphism defined in [CouOO, 3.3.19]. 
Commutativity of square 1 is [Har66, VII 3.4 VAR6] and commutativity of square 2 is 
[Har66, VII 3.4 VAR4]. Unfortunately it is not enough to use [Har66, VII 3.4] to prove 
the proposition in general, and as a matter of fact we don't know how to prove this desired 
proposition, even if there are no reasons to believe that it doesn't hold. Luckily we can 
content ourselves with the finite case. Knowing Proposition 2.18 for finite morphisms is 

enough as far as we only use Theorem 2.6 with compositions of morphisms • ^ • • where 
g is arbitrary but / is quasi-finite. Indeed, if we assume this, we can always split / using 
Zariski main theorem and reduce to the finite case. This is adequate to our purposes since 
we will apply Theorem 2.6 only when / is etale (the etale presentation of a Deligne-Mumford 
stack). 

We are now ready to solve the local situation for smooth stacks: 

Proposition 2.19. Let p: X = [Speci?/G'] Spec A he an n- dimensional smooth Deligne- 
Mumford stack over Spec k with structure map a : Spec A — s> Spec k and p : Xq X an etale 
atlas. The dualizing complex p'a'k is canonically isomorphic to uJx[n] 

Proof. According to Theorem 2.15 we have that (cr o p o p)'A; = ^^^[n] (it's important to 
remember that duality along a is duality in the sense of 2.6), this implies that the dualizing 
complex is a sheaf (since it is a sheaf after a faithfully fiat base change) and according to 
Remark 2.14 it must glue as specified in Lemma 2.13. We can now reduce the problem to 
the commutativity of the following diagram: 



s*p-a-k 



Va.p 



(p o s^'a'k 



t*p-a'k 



Y Y 
s {a o pj-fc ^ [cr o p o s)'k r (cr o pj-/c 



S* Xaon 



t Xaon 



^ r-i CsfCrop |.-| (^t.aop |--| 

s*ujB[n\ ^ujBxam t ^^B[n\ 

The line at the top provides the gluing data of the dualizing sheaf according to Lemma 
2.13, the line at the bottom provides the gluing data of the canonical bundle of X. The 
commutativity of the two top squares is granted by the associativity of r].^., the commutativity 
of the two bottom squares is 2.16 used together with 2.6 and 2.18. The canonical isomorphism 
between the canonical bundle and the dualizing sheaf is given by Xaop ° Vp,cr- D 
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Remark 2.20. Suppose now to change the atlas in the previous proposition to some scheme Wq 

etale over X but not necessarily finite. We have a new etale presentation Wi ^ ^ Wq ^ > X 

Still we have canonical isomorphisms n*(cr o p o r)'A; = (cr o p o r o u)'A; and the same with v* . 
Recall now that for an etale morphism the twisted inverse image is the same as the pullback 
(whether it is finite or not); according to 2.16 and using the previous proposition the two 
isomorphisms are the two canonical isomorphisms u*ijJv/^ = and v*uJwo — ^Wi- 

To deal with the global case we need more informations about the two natural isomor- 
phisms we have: rjf^g for the composition of twisted inverse images f\g^' and Cj for the fiat 
base change by a map j of a twisted inverse image. They are compatible according to a 
pentagram relation. 

Lemma 2.21. Consider the following diagram of noetherian schemes where vertical arrows 
are flat and the two squares cartesian: 



9 P 



Y 

X 



Y 

Y 



Z' 



Z 



Let F G D^{Z), the following pentagram relation holds: 
(2.8) (po^)VF 



i^i-Kofy-F 




i*f-n-F 




g'-p'-a*F 



g-h*7r-F 



Proof. This is a variation on [L,J09, Prop 4.6.8] using equation (2.6). □ 

We are now ready for the global case: 

Theorem 2.22 (Smooth Serre duality). Let a: X ^ Spec/c he a smooth proper Deligne- 
Mumford stack of dimension n. The complex a k is canonically isomorphic to the complex 
ujx[n]. 

Proof. We start with a picture that reproduces the local setup and summarizes all the mor- 
phisms we are going to use: 



(2.9) 



Y. 



^UJSpec5,/G, 

'^o h 

f 

^x 



/ 




Spec k 



We denote with kx the dualizing complex of the scheme X. First we observe that n'kx is a 
sheaf. Indeed we have an isomorphism Co-: p'a*kx h*7r'kx for Theorem 2.11; according to 
Proposition 2.19 the complex p'a*kx is a sheaf and since h is faithfully fiat n'kx must be a 
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sheaf itself. Denote with ^ the isomorphism on the double intersection Xi defining the sheaf 
n'kx- Using again Proposition 2.19 and the remark that follows we have a commutative 
diagram expressing the isomorphism ^ in relation with the base change isomorphism Co-: 



U*h*{7T0fykx 

Y 

Y 

A 



u*{pog)-a*kj 



,pog 



{po g o uy-a*k 



X 



Vv .pog 



v*h*inofyk 



X 



V*{pog)-(y*kx 



Now we can use two times the pentagram relation for compactifiable morphisms in (2.8) 
(remember that u\ v\ t',s' = u*, v*, t*, s*) and obtain the following commutative diagram: 



(2.10) u*h*o{TTofyk 



X 



u*{pogya*kx 



his^i-Kofy-k, 



T]u,pog 



hKn o f o sykx 



Kt*inofykx 



(p o g o uya*kj 



'^v.^pog 



v*h*{7: o fy-kx v*{p o gya*kx 

Comparing the two commutative diagrams we have the following commutative square: 



(2.ii; 



hls*f*7r'-kx 
h\t*t-K-kx 



hls*inofykx 

hit*{Tio fy-kx 



First of all we observe that the sheaf {i^ofykx glued by rj^l^^oris^T^of is exactly ujx according to 
Lemma 2.16. The commutative square tells us that the isomorphism rif^^^ is an isomorphism 
between the dualizing sheaf and ux once it is restricted to Yq\ unfortunately Yq is finer then 
the atlas we are using {Xq) and we actually don't know if this isomorphism descends. To 
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make it descend we produce a finer presentation of X, that is we use Yq as an atlas and we 



complete the presentation to the groupoid Xo 



Yq . This gives us an arrow A 



from Xi to Yi and an arrow from X2 to Y2. We can take the square in 2.11 and pull it 
back with A* to Xi. Now the isomorphism h^rif^T^ descends to an isomorphism of sheaves on 
X. The main problem now is that we don't know if X*hl^ and X*h\{ri~l^j o rjs^T^of) are still 
the gluing isomorphisms of respectively the dualizing sheaf and Ux- For what concerns the 
second we have the following commutative square: 

\*hls*{7i o /)!A;/-^V(7r o / o hoYkx 



'^u' ,7VOfohQ 



A*/i*(7r 0/0 sy-kx ^^v'*{n 0/0 hoYkx 



and an analogous one for t, v' . This square implies that the sheaf hQ^iio f^-kx with the gluing 
isomorphism )^*h\ri~[l^j o 77^ 7^0/ is canonically isomorphic via hQr]ha^nof to the sheaf given by 
(vr o / o ho)-kx and the gluing isomorphism Vv'^^ofoho ° Vu',TTofoho which is actually ux- For 
what concerns the dualizing sheaf we start considering the following picture: 



(2.12) 



ho 



Yi — Xi Xo 



Yo^Xo^X 

where every single square is 2-cartesian. Only the square at the bottom right has a non 
trivial canonical two-arrow, let's call it 7. If we think of ii'kx as a sheaf on the etale site 
of X, the gluing isomorphism ^ on the presentation Xi ^ Xq is induced by the two- 
arrow 7. If we change the presentation to Xi ^ Yq the gluing isomorphism is induced 
by 7 * id/ijoA according to the picture 2.12; this implies that the induced isomorphism is 
exactly \*hl$,. We can conclude that the sheaf hQf*'K'kx with gluing data \*hl^ is again the 
dualizing sheaf. □ 

Keeping all the notations of the previous theorem we have the following non-smooth result: 

Theorem 2.23. Let o: X ^ Spec/c he a proper Deligne-Mumford stack. Let F be a quasi- 
coherent sheaf on the moduli space X , assume that n'F is a quasicoherent sheaf on X then 
its equivariant structure is given by the isomorphism rj^l^j o rfg^-nof- 

Proof. First of all we observe that vr'F being a sheaf can be checked etale locally as in the 
previous theorem, to be more specific it is enough to know that p'a*F is a sheaf. We achieve 
the result of the theorem repeating the same proof as in the smooth case and keeping in 
mind Remark 2.14. □ 
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2.3. Duality for finite morphisms. We are going to prove that given /: X a. repre- 
sentable finite morpliism of Deligne-Mumford stacks tlie functor /' is perfectly analogous to 
the already familiar one in the case of schemes. 

To start with the proof we first need to state a couple of results, well known in the scheme- 
theoretic set up ([EGAll, Prop 1.3.1] and [EGAII, Prop 1.4.1]), in the stack-theoretic set-up. 
The first one is taken from [LMBOO, Prop 14.2.4]. 

Lemma 2.24. Let X he an algebraic stack over a scheme S. There is an equivalence of 
categories between the category of algebraic stacks y together with a finite schematically 
representable S-morphism f : X ^ y and quasicoherent O^-algebras. This equivalence as- 
sociates to the stack y and the morphism f the sheaf of algebras ft^Oy; to a sheaf of algebras 
A the affine morphism fy^: SpeCvA X . 

From this lemma we can deduce the following result on quasicoherent sheaves: 

Lemma 2.25. Let X be as above and A an Ox-algebra. There is an equivalence of categories 
between the category of quasicoherent A-modules and the category of quasicoherent sheaves 
on Spec^. Denoted with f the affine morphism Spec A — *■ X , and given T a quasicoherent 
sheaf on Spec A, the equivalence associates to T the sheaf f that is the sheaf f^T with 
its natural structure of A- algebra. The inverted equivalence is the left-adjoint of f ^, we will 
denote it with f and it maps the category QCohj^Q^ to QCohQ^ . 

We need also a couple of properties of the functor / : 

Lemma 2.26. (1) The functor f* is exact. 

(2) Let f : X ^ y be an affine morphism of algebraic stacks and consider a base change 
p: 

Xo^X 

fo f 

yo^y 

The following base change rule holds: 

(2.13) Tp* = q*To 
and the isomorphism is canonical. 

Proof. See [Har66, III. 6] for some more detail. □ 

Given a finite representable morphism of algebraic stacks f : y ^ X we are now able to 
define the following functor: 

(2.14) f'T = TRV,mx{f.Oy,T) = RiTTiomMOy,^)); T e D^{X) 

where the complex Rl-Limx{f*Oy,J^) must be considered as a complex of f^Oy-vnodvles. 

Theorem 2.27 (finite duality). Let f : y ^ X be a finite representable morphism of alge- 
braic stacks. The twisted inverse image f' is the functor f^. 
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Proof. Let / be an injective quasicoherent sheaf on X defined by the couple (Jq, a) on a 
presentation of X (We keep notations in Proposition 1.23). We start observing that the 
sheaf T-{omx{f*Oy, I) is determined, on the same presentation by the following isomorphism: 

s* Tiornxoifo^Ovo, Iq) — ^ K;mxi(/i*C'yi, ■s*/o) — ^'Homxi(/uCyi,t*/o) • • • 

• • • ^ :^ t* Tiornxoifo^Ovo, lo) 

where bg, bt are the two natural isomorphisms and a is induced by a. Applying fl to 
this isomorphism we obtain the one defining /^J. According to equation (2.13) we have 
f-^s* = M*/o and f-^^t* = v* f^. The composed isomorphism: 

U* f^Tiom Xoifo^Ovo, lo) — * flS*H}mXo{fo^.OYa,Io) f l^^m. x^ifl^Oy^, S* Iq) 

is the same as Cg and we can repeat the argument for t. Comparing with the isomorphism 
called (3 in Proposition 1.23 we prove the claim. □ 

Assuming that X is projective we can also reproduce some vanishing result for RTiomx 
like in Hartshorne [Har77, Lem 7.3]. First a technical lemma: 

Lemma 2.28. Let X he a projective Deligne-Mumford stack, Ox{^) o, very-ample line bundle 
on the moduli scheme X and S a generating sheaf. Let !F, Q he coherent sheaves on X . For 
every integer i There is an integer go > such that for every q > Qq: 

Ext^(^, 6? ® ® vr*Ox(g)) = T{X, £Kt'x{:F, G ® £^ ® vr*Ox(g))) 

Proof. Same proof as in [Har77, Prop 6.9] with obvious modifications. □ 

Lemma 2.29. Let y he a codimension r closed substack in an n-dimensional smooth pro- 
jective stack X . Then £7(t\{Oy^uox) = for all i < r. 

Proof. The proof goes more or less like in [Har77, Lem 7.3]. Denote with the coherent 
sheaf £?ctxi^y^^x)- For q large enough the coherent sheaf F£{F^){q) is generated by the 
global sections; if we can prove that r{X, F£{F^){q)) = for g >> we have also that 
Fgi^F^) = 0. In Lemma [NirOS, Lem 3.4] we have proven that vrsuppF* = supp -F£:(F*), using 
this result we conclude that if Ff(F*)(g) has no global sections for q big enough the sheaf 
is the zero sheaf. We can now study the vanishing of T{X, F£:{F^){q)): 

r(X, Fe{F'){q)) = T{X, S^t\{Oy, ux^S"® 7r*Ox(g))) = ^^t'x{Oy, oox ® S"" ® 7T*Ox{q)) 

The last equality holds for a possibly bigger q according to Lemma 2.28. Applying smooth 
Serre duality we have the following isomorphism: 

Ext\,{Oy, ux^S'^ ® vr*Ox(g)) = H'^-^X, Oy ® E ® n*Ox{-q)) 

This last cohomology group is the same as H^'^X , F£{Oy){—q)):, using again [NirOS, Lem 
3.4] we have that the dimension of Fs{Oy){—q) is n — r so that the cohomology group 
vanishes for i < r. □ 
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Corollary 2.30 (Serre Duality). Let X be a proper Deligne-Mumford stack of pure dimension 
n and i: X ^ V a codimension r closed embedding in a smooth proper Deligne-Mumford 
stack f: V ^ Specfc. The complex £^tp{0 x ■, 0Jv)[n\ is the dualizing complex of X : 

if X is Cohen-Macaulay the dualizing complex is just the dualizing sheaf S?ct'^{Ox , uJj}) . 

Proof. We have to prove that S^t-!p{Ox,i^v) = for j ^ r. We prove that for every point 
of X the stalk of S;^t'^{Ox,uJ'p) vanishes for q ^ r. We use that for x a point in X we have 
S:^t-!p{Ox,ujT:>)x = Ext^^ ^ ^{Ox,x,^^v,iix))- The stack V etale locally is [SpecC/G] where C 
is regular and G a finite group, since a closed embedding is given by a sheaf of ideals we can 
assume that i: X —>■ V is given locally by: 

[Spec B/G] [Spec G/G] 

where B is local and Cohen-Macaulay. We denote with uc the canonical sheaf of [Spec C/G]. 
According to [OlsOT, Lem 5.3] we can choose an injective (equivariant) resolution /* of uc 
such that the complex: 

Homg(E, JP) Homc(S, P) ^ Homc(S, P) ® G 

RomciB, P)®G®G • • • 

is exact for every p. The arrows are induced by the coaction of uc and of the structure sheaf 
of [Spec -B/G]. We obtain a double complex spectral sequence Ef''^ = Ext^{B,uJc) ® G^'' 
abouting to the equivariant i?Hom^(5, cuc) (the sheaves Hom^(_B,/') are considered as 
i?'-^-modules) that is the stalk of the curly Ext. Since B is Cohen-Macaulay of the same 
dimension as X we have Ext^(5, (^c") = for p 7^ r and the desired result follows. □ 

It is important to stress that the previous Corollary 2.30 holds for every projective stack 
in characteristic zero; indeed according to [Krc06] such a stack can be embedded in a smooth 
proper Deligne-Mumford stack. To conclude we prove that 7^^, maps the dualizing sheaf of a 
projective Deligne-Mumford stack to the dualizing sheaf of its moduli scheme. 

Proposition 2.31. Let X be an n-dimensional tame proper Cohen-Macaulay Deligne-Mumford 
stack with moduli scheme it: X ^ X . Denote with uJx[n\ the dualizing sheaf of X . The quasi 
coherent sheaf Ti^uJxln] =: u;x['^] is the dualizing sheaf of X in D''{X). 

Proof. First of all we observe that the moduli scheme X is projective and Cohen-Macaulay 
so that we already know that its dualizing complex is actually a sheaf u^x[^]- We also 
know that 7r'a'x['^] = ci;;t'['^]- We have just to prove that Ti^Ti'uJxln] = ljx[it]- Let F be an 
object in D'^{X), by duality we know that RB.omx{F,'jT^'jT-uJx) = RHomxiLn* F,n-u!x) = 
i?Homx(7r*L7r*F, cux)- We already know that tt^tt* = id on quasicoherent sheaves and since 
we are working in the derived category of QCoh(X) we have also tt^Ltt* = id. Using duality 
on X and uniqueness of the dualizing sheaf we obtain -7r*7r'u;x[^] = t^x['^]- D 

Remark 2.32. At the moment we cannot extend the result to D~^{X); even if Dqc{X) is 
equivalent to D{X) and the category of Ox-modules has enough K-projectives, we don't 
know how to define Ltt* from Dgc{X) to D{X). 
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Corollary 2.33. Let X Specfc he a proper variety with finite quotient singularities. 
Denote with n: A:"™" — X the canonical stack associated to X as in [FMN07, Rem 4-9] and 
with uJcan its Canonical bundle. The coherent sheaf tt^uj can is the dualizing sheaf of X . 

Proof. We just observe that X'^^'^ is smooth so that its dualizing sheaf is the canonical bundle 
and apply the previous corollary. □ 

To conclude the section we want to discuss what fails when the stack X is tame but not 
Deligne-Mumford. Still we have a theorem that gives us the etale local structure of a tame 
Artin stack as a quotient of affine schemes by linearly reductive group schemes. From this 
point of view we are in a good situation to reproduce all the arguments so far. However 
the construction fails when we need arguments related to duality with compact support. 
For Deligne-Mumford stacks we have first proven that duality is Zariski local. Using Zariski 
main theorem we have seen that Zariski local implies etale local. Etale local implies the sheaf 
version of duality (on the etale site) and we can use it to prove that duality is compatible 
with flat base change. If we work on the lisse-etale site of X we miss an argument to prove 
that duality is smooth local, moreover we have to deal with compositions of morphisms of 
schemes where the first morphism is smooth but not etale and we definitely need to prove 
Proposition 2.18. 

3. Applications and computations 

3.1. Duality for nodal curves. Despite being probably already known, it is a good exercise 
to compute the dualizing sheaf for a nodal curve using the machinery developed so far. First 
of all we specify that by nodal curve we mean a non necessarily balanced tame nodal curve 
over an algebraically closed field k such that each stacky node is mapped to a node in 
the moduli scheme. This kind of curve is Deligne-Mumford because of the assumption on 
the characteristic. We can assume from the beginning that the curve has generically trivial 
stabilizer. If it is not the case, we can always rigidify the curve and treat the gerbe separately. 
We assume also that if the node is reducible none of the two components has a non trivial 
generic stabilizer. With this assumption a stacky node, etale locally on the moduli scheme, 
looks like [Spec ^^^//ia,fc] (or more precisely the localization at the node of this one). The 
action of fia,k is given by: 

k[k,y] k[x,y] „ 

x,y\ ^X^x,X^y 

where {i, a) = 1 and (j, a) = 1. The result of this section is the following theorem: 

Theorem 3.1. Let C be a proper tame nodal curve as specified above. Let ir: C ^ C be 
its moduli space. Let D be the effective Cartier divisor of C marking the orbifold points, 
and denote with V = 'K~^{D)red- Denote also with uc the dualizing sheaf of C and with 
ojc = Ti'UJc the dualizing sheaf of C. The following relation holds: 

uJciV) = 7i*uJc{D) 
We start proving this theorem with the following local computation: 
Lemma 3.2. Consider the orbifold node y := [Spec ^^^//ia,A:] described above. Let p: y ^ 
Y := Spec be the moduli scheme, then we have LUy = p Oy = Oy. 
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Proof. We will denote the ring with B and ^^y^ with A. We also choose Spec B as atlas 
for the stack. Let a, (3 be the smallest positive integers such that ia = mod a, j/3 = 
mod a, then the morphism from the atlas to the moduli scheme is the following: 

A ^ B 

The dualizing sheaf for Spec A is isomorphic to the structure sheaf, so it's enough to compute 
duality for the structure sheaf denoted as the free A-module (e). According to 2.13 we first 
need to compute the -B-module RT-{omA{B, (e)). We take the infinite projective resolution 
of B as an A-module: 

• • • 5- y^e(a+/3-2) ^ ^e(a+/3-2) ^ ^e(a+/3-l) ^ ^ ^ Q 

eo I > 1 



ei I ^ uei, ei i ^ vei, ei 



X 



m 



where l<l<a — 1, l<m<f] — 1. We apply the functor HomA(-, (e)) and compute 
cohomology. The complex is obviously acyclic as expected, and is the A-module 0;(M)e/© 
© ^0- The A-module is naturally a sub-module of HomA(i?, (e)) and its B- 
module structure is induced by the natural 5-module structure of this last one. Let g'l^ G 
Hom^(5, (e)) the morphism such that g^{x^) = e and zero otherwise, /i^ the morphism 
such that h^iij'^) = e and zero otherwise, and such that gQ^l) = e. The 5-module 

Hom^fS, (e)) can be written as v — • The B module structure of h'^ is then 

given by: 



(eo")> 



1„V 



I ^ ™a-l„V 

^^0 ' ^ i/a-l 



Eventually we have p^RRomAiB, (e)) = (eg). To compute the equivariant structure of (cq) 
we follow the recipe in Lemma 2.13. We find out that the coaction on Cg , e/, is as follows: 



pV ^ V 

> A-^'e,^ 

fv ^ A-J™e^ 

SO that the equivariant structure of (cq) is the trivial one and p'ouy is then canonically 
isomorphic to the structure sheaf. □ 

Remark 3.3. We can notice that the assumptions on the two integers i,j have never been 
used in the previous proof, however they are going to be necessary in what follows. 

With the following proposition we take care of smooth orbifold points. 

Proposition 3.4. Let X Spec/c he a proper Deligne-Mumford stack that is generically 
a scheme, let D = Yli=i ^ simple normal crossing divisor whose support does not 

contain any orbifold structure. Let a = (ai, . . . , a^) positive integers. Denote with M^^d = 
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^DjX ^ X and with Vi = (r-^A)red. For every T quasicoherent sheaf on X the object 
T'!F G D{Xg,^£,) is the quasicoherent sheaf t* J-" {Ylf^^{ai — l)T>i). 

Proof. Since r is a flat morphism we already know that t' maps quasicoherent sheaves to qua- 
sicoherent sheaves. The precise statement can be retrieved using some of the computations 
in [AGV06, Thm 7.2.1] and the machinery in Theorem 2.23 (details left to the reader). □ 

proof of Theorem 3.1. For the moment we can assume that the curve has no other orbifold 
points then the nodes and without loss of generality we can assume that there is only one 
node. First we prove that tt'cuc = Tr*^;^, then we can add smooth orbifold points in a second 
time applying the root construction; the formula claimed in the theorem follows then from 
Proposition 3.4. First of all we take an etale cover 3^ of C in this way: we choose an etale 
chart of the node that is an orbifold node like the one in Lemma 3.2 and we complete the 
cover with a chart that is the curve C minus the node, denoted with Cq. The setup is 
summarized by the following cartesian square: 

Co U [Spec 5//i,]^C 

idUPO 

Co U Spec A ^^C 

where B = A = the map Po sends u, v to x", , the map i is the inclusion of Co 

in C, and a is etale. We use as an atlas Cq ]J Spec B with the obvious map to C. Completing 
the presentation we obtain the following groupoid: 

s 

Co U Spec B X ^ia]l Spec B x ^opo.c Co t I Co U Spec B 
We can divide it in three pieces: one is the trivial groupoid over Cq, the second is Spec B x jja 

where the arrows are action and projection; the last one is Spec B x„apo,c Cq ^^pq^ Co ]J Spec B , 
where gi is projection to SpecS, q2 is projection to Co and p^ fits inside the following carte- 
sian square: 

(3.1) Spec -B Xo-opo,c Co^SpecAx.,c:Co^Co 

Spec B > Spec A — > C 

Now we check if the dualizing sheaf glues like n*ujc on this presentation and we achieve 
this using Theorem 2.23. The result is trivially true for the first piece of the presen- 
tation. For the second piece of the presentation it is implied immediately by Lemma 
3.2. For what concerns the last piece of presentation we have that tt'ujc glues with the 
canonical isomorphism pQq2i*ujc — qlpQO'*u!c where the canonical isomorphism comes from 
the cartesian square in picture (3.1). However we have qlpQa*u!c = qlP'oOA ® qiPoO-*uJc 
and P'qOspccAx^ cCo Po(l2'^*^cPh(^*^c where the canonical isomorphism comes from the 
cartesian square in picture (3.1). However we have qiPQcr*uJc = IiV'q^a ® 1i'Po^*^c and 
PQq2i*uJc = Po^specAx^ cCo ® vIq^^*^c- According to Lemma 3.2 the sheaves PqOa and 
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Po^SpccAx^^cCo are respectively equal to Ob and OspecBx^.p^^cCo- Eventually the gluing iso- 
morphism is just the identity and we can conclude that the dualizing sheaf is 'n'*ujc- D 



3.2. Other examples of singular curves. In the previous section we have seen that nodal 
curves, balanced or not, have a dualizing sheaf that is an invertible sheaf and carry a trivial 
representation on the fiber on the node. It is not difficult to find examples of singular 
curves where the representation on the fiber of the singularity is non trivial. What follows 
is a collection of computations of duality with compact support, performed with the same 
technique used in Lemma 3.2. These examples are mere applications of Lemma 2.13 and we 
will be able to retrieve these results with a better technique in the next section. 

Example 3.5. (Cusp over a line) Let B be the cusp k[x,y]/{y'^ — x^) with an action of 
A*2,fc given by y i— > Ay and x x. The moduli scheme of the quotient stack is the affine line 
k[x] =: A with the morphism: 

A^^B 
X I ^ X 

The morphism / is fiat and the dualizing sheaf restricted to the atlas is the 5-module 
B.omA{B,A). As a i?-module this is just (e^) where e^(?/) = 1 and zero otherwise. The 
coaction is given by i-^ A~"'^e^. 

Example 3.6. (Tac-node over a node) Let B be the tac-node k[x,y]/{y'^ — x"^) with an 
action of ^2,k given by y ^-^ y and x i— > Ax. The moduli scheme of the quotient stack is the 
node k[u, y]/ (y^ — u"^) =: A with the morphism: 

A — ^-^B 
u,y\ ^x^,y 

The stack is reducible. The morphism / is fiat again and the dualizing sheaf is the i?-module 
(^i) (^1 (^) — 1 a'^d otherwise zero) with the coaction X~^e\. 

These two examples look pretty similar but they are actually of a quite different nature. 
With a simple computation we obtain that the tac-node is actually a root construction over 
the node ^O^, 0/ SpecA. For a root construction we expected that kind of dualizing sheaf 
from, the already studied, smooth case (Lemma 3.4). The cusp is not a root construction, 
however it is flat on the moduli scheme anyway, and the dualizing sheaf is the same we have 
for the root construction. 

With the following example we see that the dualizing sheaf can be the structure sheaf for 
nodes other than xy = 0. 

Example 3.7. (Tac-node over a cusp (an irreducible node)) Let B be the tac-node 
k[x, y]/ {y^ — x^) with an action of ^2.k given by y ^ Xy and x i— > Ax. The moduli scheme of 
the quotient stack is the cusp k[u,t]/{t'^ — u^) =: A with the morphism: 

/ 

A -^B 

u, 1 1 > x^, xy 

This one stack is irreducible, none of ?/ — x^ and y + x'^ can be a closed substack. With a 
computation very similar to the one in Lemma 3.2 we obtain that the dualizing sheaf is (cq ) 
(cq (1) = 1 and otherwise zero) with the trivial coaction. 
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3.3. Local complete intersections. According to Corollary 2.30 every Cohen- Macaulay 
proper Deligne-Mumford stack admits a dualizing quasicoherent sheaf; using Corollary 2.9 
it's immediate to prove that if the stack also have a Gorenstein atlas then the dualizing sheaf 
is an invertible sheaf. The aim of this section is to reconstruct the classic duality result for 
local complete intersections as in [Har77, III. 7. 11]. 

Theorem 3.8. Let X be a proper Deligne-Mumford stack that has a regular codimension 
r closed embedding in a smooth proper Deligne-Mumford stack V. Denote with X the ideal 
sheaf defining the closed- embedding and with uj-p the canonical sheaf of V . The dualizing 
sheaf of X is uv A^{I/I^)'^. 

Proof. Our task is to compute S?ctp{Ox, i^v)- We can produce an etale cover of V so that it 
is locally [SpecC/G] where C is a regular ring and G a finite group. We can assume that 
the regular closed embedding is locally: 

[Spec B/G] ^ [Spec G/G] 

where B is defined by (/i, . . . , fr) a regular sequence in G. Once we have fixed a basis for 
the ideal sheaf X, the coaction of G is also determined on that basis. We denote with /3f 
the coaction on the basis (/i, . . . , fr), and it is an r-dimensional representation. We denote 
with uJc the canonical sheaf on SpecC, and it also comes with a coaction that is a one- 
dimensional representation pc (we are assuming that uc is free). We now take the Koszul 
resolution K* of B. The coactions of G on uc and X induce a coaction of G on K* and a 
coaction on the complex B.omc{K* ,u!c)- In particular the coaction on Homc(A''C®'', a;c) is 
the representation pc ® det . Both the induced coaction (denoted with 7') and the trivial 
coaction are morphisms of complexes: 

7* 

Homg(ir', UJc) Homc(i^', loc) ^ Homc(i^', c^c) ® Oq 

and the equalizer is the C"^-module of equivariant morphisms. The cohomology of this first 
complex computes the global sections of £;(_tp{Ox,uJc) restricted to [Spec B/G]. We can 
also compute cohomology of the second and third complex and we have arrows between 
cohomologies induced by both the coaction 7* and the trivial coaction: 

This gives the sheaves h'{B.om.c{K' , i^c)) an equivariant structure; eventually these sheaves 
with the equivariant structure are S^ctpiOxy'^c) restricted to [Spec -B/G]. However, we 
already know that h'^{B.omc{K', ujc)) = "^j ^ind the others are zero. It is easy to check 
that the equivariant structure of the non vanishing one is the representation pc* ®det /Jj. To 
summarize, the dualizing sheaf restricted to [Spec B/G] is isomorphic to uq ®c B where B 
has the non necessarily trivial coaction det /5j . As in the case of schemes this isomorphism is 
not canonical. If we change the basis (/i, . . . , fr) to a new one {gi, . . . , gr) where /j = Si^gj 
we produce an automorphism on the Koszul complex K*; in particular the last term of the 
complex A'^G®^ carries an automorphism given by det 6. In the equivariant setup, also the 
representation /5/ is affected by a change of basis. In particular the new basis carries a 
representation Pg such that {a*6) o (3g = (3f o 5, where a denotes the action of G on SpecC. 
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As in the case of schemes the sheaf A^(T/2^)^ is trivial on [SpecB/G] and the change of 
basis (/i, . . . , fr) ^ {gi, ■ ■ ■ , Qr) induces an automorphism on the sheaf that is multiplication 
by det Moreover it is straightforward to check that the equivariant structure of the sheaf 
is given by the representation det It is also obvious that the representation changes, after 
a change of basis, according to the formula {a*S) o (3' = (3 o 5. Eventually we can conclude 
that there is an isomorphism between £ttp(C;t'5 i-^c)|[SpecB/G] and uj-p ® A'"(X/X^)^|[spccB/G] 
that doesn't depend on the choice of the basis of X, so to speak a canonical isomorphism. 
This implies that we can glue these local isomorphisms to obtain a global one. □ 

In the proof of this theorem we have seen how to compute the sheaf £7(tp{Oxi ^v) locally 
on a stack that is [Spec-B/G] using the Koszul resolution. Even if the stack is not locally 
complete intersection but Cohen-Macaulay we can use the same technique to compute £?(t^ , 
replacing the Koszul complex with some other equivariant resolution. This approach is 
obviously a much faster and reliable technique than the one used in section 2.2. 

Example 3.9. (A non Gorenstein example) Let B be the triple point k[u,v,t]/{uv — 
t"^, ut — v^, vt — v?) with an action of jjia,k given by u,v,t Xu, Xv, Xt and we study duality 
of the quotient stack. This is non Gorenstein since the reducible ideal (uvt) is a system of 
parameters and B is Cohen-Macaulay (we apply the Ubiquity Theorem in [Bas63]). We can 
take the closure in the weighted projective space X = P(l, 1, 1, a) with coordinates u, v, t, z 
and z has degree a. We denote the closure with C. It follows from the Euler exact sequence 
[Man08, Lem 3.21] that the canonical sheaf of X is ujx = Oxi—'i — a) ■ We can produce the 
following equivariant resolution of Oc'- 

^ Ox{-3)®^ Oxi-2f^ ^Ox -^Oc^O 
From this resolution we can compute S;ctx{Oc, Ox) that is the equivariant sheaf: 

S^tliOcOx) = 7 r 

[tei + ue2, vei + te2, uci + ve2) 

with the coaction Cj t-^ X^Ci for i = 1,2 that is induced by Ox{<i)®'^- To complete the 
computation we take the tensor product with Ox{—'i — a) that changes the coaction to 
Cj I— > A~"ej. This is again a coherent sheaf with trivial action on the fiber on the singularity. 

Example 3.10. (Reducible nodes as local complete intersections) Using theorem 3.8 
we can reconsider the problem of duality for nodal curves and provide a very fast solution 
for a reducible node made of two projective lines. Consider the afiine scheme k[x,y\/ [xy) 
with the action of ^a,k given hy x,y ^ X^x,X^y and we only assume ^ < i-, j < a (we are 
not excluding that the two lines could be gerbes). We can always compactify this stack 
taking the closure C in the weighted projective stack X = P(i, j, a) where x, y, z have degree 
respectively a. The dualizing sheaf of X with is ux = Ox{—i — j — a). The ideal sheaf 
defining C as a closed substack is Oxi—i — j) and applying theorem 3.8 we obtain that uc is 
the invertible sheaf Oc{—a). It is immediate to verify that this is compatible with the local 
description in 3.2 but it is more tricky to reduce this result to Theorem 3.1. To compare with 
the theorem we put the same restrictions on i,j,a, that is (i,a) = 1 and (j, a) = 1. First 
of all we observe that the moduli space of C is the reducible node made of two copies of P^, 
we denote it with C. If we close it in P^ we obtain that uc = Oc{—l)- Compactifying the 
stacky curve we have possibly added two orbifold smooth points P(i),P(j). For this reason 
the divisor O^V) in Theorem 3.1 is just Oc{a), while the corresponding Oc{D) is 0c(l) 
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(this is correct if i,j > 1, if not there is an obvious modification to apply that is left to the 
reader). Putting together these data and applying the theorem we retrieve uc = Oc{—ci). 

Example 3.11. (An irreducible balanced node) An irreducible node satisfying conditions 
in theorem 3.1 can be produced computing a colimit as in [AGV06, Cor A. 0.3]. For instance 
we can take a curve with two orbifold points: the scheme A = k[t,x]/ {t^ — (x^ — 1)) with an 
action of fi^^k given by t, x — > Xt, a; for A G k[X]/ — 1). The trivial gerbe Bfi^^k has a closed 
embedding into each of the orbifold points. If we denote with ii the inclusion in one of the 
two orbifold points and with ^2 the inclusion in the other point, we can glue the two orbifold 

points together computing the colimit Bfi^^k ^ [Spec A/ fi^ ^] — • The curve C is a 

balanced irreducible node"^ whose presentation is [Spec B / fi^^k] where B = k[t, u]/ {t^ — v?+t^) 
and the action is t, n i-^ At, An. It is known in general that a tame balanced nodal curve is 
a global quotient, this is a consequence of [ChiOS, Thm 3.2.3] since the theorem states the 
existence of an ample line bundle. We can compactify C taking the closure inside P(l, 1, 3) 
that is given by the homogeneous polynomial — z{v? + t^) where z is the degree 3 variable. 
The moduli scheme of the compactification is a nodal cubic in P^. According to theorem 3.8 
the dualizing sheaf is the structure sheaf in perfect agreement with theorem 3.1. 

Example 3.12. (Nodes that do not respect Theorem 3.1) Just like the tac-node in 
example 3.6 an ordinary stacky node need not to respect Theorem 3.1. This can occur for 
stacky curves that are nodes etale locally on the stack but something different etale locally 
on the moduli scheme. For instance let C be the curve in P(l,4,6) defined by the equation 
zx"^ — y^, where x, y, z have respectively degree 1, 4, 6. This curve has only one singular point 
in {x,y) = (0,0) which is an ordinary node and has stabilizer /ig.fc- It has no other orbifold 
points and it is irreducible. This is not included in theorem 3.1 since its moduli scheme is 
P^. With the technique used in previous examples we can state that the dualizing sheaf is 
C'c(— 3) and it carries a non trivial representation on the fiber on the node. 



References 

[AGV06] Dan Abramovich, Tom Graber, and Angelo Vistoli, Gromov-Witten theory of 

Deligne-Mumford stacks, arXiv.math. AG/0603151 (2006), 57. 2, 29, 33 
[Alp08] Jarod Alper, Good moduli spaces for Artin stacks, 2008. 2, 7, 8 
[Bas63] Hyman Bass, On the ubiquity of Gorenstein rings. Math. Z. 82 (1963), 8-28. 

MR MR0153708 (27 #3669) 32 
[BSS08] Ulrich Bunke, Markus Spitzweck, and Thomas Schick, Periodic twisted cohomol- 

ogy and T-duality, 2008. 10 
[Cad07] Charles Cadman, Using stacks to impose tangency conditions on curves, Amer. 

J. Math. 129 (2007), no. 2, 405-427. 2 



The not balanced node can be obtained composing the inclusion of one of the two points with some 
arbitrary change of the band of M/j^^k', the resulting colimit is not a global quotient in this case and we are 
allowed to suspect that this stack has no generating sheaf. 

33 



[Chios 

[ConOO 

[EHKVOl 

[FMNOr 
[GirTl 
[EGAII 

[EGAIV.4 

[Har66 

[Har7r 
[KleSO 
[Kre06 
[LATOO 

[LJ09 

[LMBOO 



[MacTl 
[ManOS 



Alessandro Chiodo, Stable twisted curves and their r-spin structures, Ann. Inst. 
Fourier (Grenoble) 58 (2008), no. 5, 1635-1689. MR MR2445829 33 
Brian Conrad, Grothendieck duality and base change. Lecture Notes in Mathe- 
matics, vol. 1750, Springer- Verlag, Berlin, 2000. MR MR1804902 (2002d:14025) 
19, 20 

Dan Edidin, Brendan Hassett, Andrew Kresch, and Angelo Vistoli, Brauer groups 
and quotient stacks, Amer. J. Math. 123 (2001), no. 4, 761-777. MR MR1844577 
(2002f:14002) 5 

Barbara Fantechi, Etienne Mann, and Fabio Nironi, Smooth toric DM stacks, to 
appear on Crelle's journal(2007). 27 

Jean Giraud, Cohomologie non abelienne. Springer- Verlag, Berlin, 1971, Die 
Grundlehren der mathematischen Wissenschaften, Band 179. 6, 8 
A. Grothendieck, Elements de geometrie algehrique. ii. etude globale elementaire 
de quelques classes de morphismes, Inst. Hautes Etudes Sci. Publ. Math. (1961), 
no. 8, 222. MR MR0163909 (29 #1208) 24 

, Elements de geometrie algehrique. iv. etude locale des schemas et des 

morphismes de schemas iv, Inst. Hautes Etudes Sci. Publ. Math. (1967), no. 32, 
361. MR MR0238860 (39 #220) 6 

Robin Hartshorne, Residues and duality. Lecture notes of a seminar on the 
work of A. Grothendieck, given at Harvard 1963/64. With an appendix by P. 
Deligne. Lecture Notes in Mathematics, No. 20, Springer- Verlag, Berlin, 1966. 
MR MR0222093 (36 #5145) 1, 3, 8, 10, 12, 13, 15, 18, 19, 20, 24 

, Algebraic geometry. Springer- Verlag, New York, 1977, Graduate Texts 

in Mathematics, No. 52. MR 57 #3116 25, 31 

Steven L. Kleiman, Relative duality for quasicoherent sheaves, Compositio Math. 
41 (1980), no. 1, 39-60. MR MR578050 (81m:14017) 6 

Andrew Kresch, On the geometry of Deligne- Mumford stacks, 2006, to appear on 
the Seattle proceedings. 26 

M. J. Souto Salorio L. Alonso Tarrio, A. Jeremias Lopez, Localization in cate- 
gories of complexes and unbounded resolutions, Canadian Math. J. 52 (2000), 
225-247. 7 

Hashimoto Mitsuyasu Lipman Joseph, Foundations of Grothendieck duality for 
diagrams of schemes. Lecture Notes in Mathematics, vol. 1960, Springer- Verlag, 
2009, p. 478. 6, 9, 10, 14, 15, 21 

Gerard Laumon and Laurent Moret-Bailly, Ghamps algebriques, Ergebnisse der 
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in 
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of 
Modern Surveys in Mathematics], vol. 39, Springer- Verlag, Berlin, 2000. 6, 7, 10, 
12, 15, 16, 24 

Saunders MacLane, Gategories for the working mathematician. Springer- Verlag, 
New York, 1971, Graduate Texts in Mathematics, Vol. 5. MR MR0354798 (50 
#7275) 5, 8 

Etienne Mann, Orbifold quantum cohomology of weighted projective spaces, J. 
Algebraic Geom. 17 (2008), no. 1, 137-166. MR MR2357682 (2008k:14106) 32 



34 



[Vis05] 



James S. Milne, Etale cohomology, Princeton Mathematical Series, vol. 33, 
Princeton University Press, Princeton, N.J., 1980. MR MR559531 (81j:14002) 
4, 13, 15 

Masayoshi Nagata, Imbedding of an abstract variety in a complete variety, J. 
Math. Kyoto Univ. 2 (1962), 1-10. MR MR0142549 (26 #118) 13 

, A generalization of the imbedding problem of an abstract variety in a 

complete variety, J. Math. Kyoto Univ. 3 (1963), 89-102. MR MR0158892 (28 
#2114) 13 

Amnon Neeman, The Grothendieck duality theorem via Bousfield's techniques 
and Brown representability, J. Amer. Math. Soc. 9 (1996), no. 1, 205-236. 
MR MR1308405 (96c:18006) 1, 3, 4, 5, 10 

Fabio Nironi, Moduli spaces of semistable sheaves on projective Deligne-Mumford 
stacks, arXiv:0811.1949vl (2008). 2, 25 

Martin Olsson, Sheaves on Artin stacks, J. Reine Angew. Math. 603 (2007), 
55-112. MR MR2312554 26 

Martin Olsson and Jason Starr, Quot functors for deligne-mumford stacks. 
Comm. Algebra 31 (2003), no. 8, 4069-4096, Special issue in honor of Steven 
L. Kleiman. MR MR2007396 (20041:14002) 2, 4 

Daniel Hernandez Ruiperez, Dualidad en los espacios algebraicos, Ediciones Uni- 
versidad de Salamanca, 1981. 3 

N. Spaltenstein, Resolutions of unbounded complexes, Compositio Math. 65 
(1988), no. 2, 121-154. MR MR932640 (89m:18013) 7 

Burt Totaro, The resolution property for schemes and stacks, J. Reine Angew. 
Math. 577 (2004), 1-22. MR MR2108211 (2005j:14002) 10 

Jean-Louis Verdier, Base change for twisted inverse image of coherent sheaves. 
Algebraic Geometry (Internat. Colloq., Tata Inst. Fund. Res., Bombay, 1968), 
Oxford Univ. Press, London, 1969, pp. 393-408. MR MR0274464 (43 #227) 2, 
4, 10, 12, 13, 16, 17, 18 

Angelo Vistoli, Grothendieck topologies, fibered categories and descent theory. 
Fundamental algebraic geometry. Math. Surveys Monogr., vol. 123, Amer. Math. 
Soc, Providence, RI, 2005, pp. 1-104. MR MR2223406 6 



Columbia University, 2990 Broadway, New York, NY 10027 
E-mail address: fabio.nironi@gmail.com 



35 



